Abstract. In this work we study two functions, f (r) and g(r), related to spatial generalizations of Kato's cusp condition for the one-electron density. In particular, we evaluate these functions using accurate correlated densities for low-lying S-states of two-electron atoms. These functions reveal the effects of the electron repulsion and are very sensitive to Coulomb correlations, showing interesting features in the comparison between singlet and triplet states. In addition to this, some relationships between ρ(0) and radial expectation values, previously found from the HF properties of these functions, are extended to more accurate descriptions of these states.
Introduction
In the study of atoms, the special role played by the electronic density ρ(r) or its spherical average ρ(r) (which coincides with ρ(r) for S-states) is well known. For two-electron atoms, systems for which a lot of precise calculations can be found in the literature (see, for example [1] ), ρ(r) has been evaluated accurately, and comparisons to the values provided from Hartree-Fock (HF) single-particle models have been performed in order to analyse the effect of Coulomb correlations on this function [2, 3] .
One of the conclusions of the previous works is that, although the HF description, mainly for the ground state, gives precise values of averaged quantities such as the radial expectation values r k , models including correlations are required for the study of local properties of ρ(r), because large differences may appear for particular values of r, especially for excited states. One example is the 2 1 S state of helium, which has a monotonically decreasing density from HF calculations, while this fact is not found for more precise correlated wavefunctions [2] .
The determination of properties of ρ(r) has been a topic of interest in atomic research studies. The reason is that very few of them are known rigorously, a particularly significant one being Kato's cusp condition [4] , ρ (0) = −2Zρ(0) (atomic units are used throughout the paper), which is frequently used as a test of the quality of approximate solutions of Schrödinger's equation with the electrostatic Hamiltonian. Other properties of ρ(r) have been established from a numerical study, such as its monotonically decreasing behaviour for the ground state of atoms [5] , some other monotonicity properties [6] and the convexity [7] and pseudoconvexity [8, 9] of the mentioned electron density.
Other examples of these types of properties are the positivity of the following functions:
which were found in [6, 7] , in the first case for the neutral atoms in the range Z = 2-54, and in the second for those for which the outermost electron is of s-type, by means of the Roothan-Hartree-Fock wavefunctions of Clementi and Roetti [12] . For the latter expression, ρ s (r) was defined in [11] , in the context of the single-particle description, as the contribution to ρ from the electrons with angular momentum l = 0. Therefore, g(r) coincides with f (r) for single-particle approaches to atoms with all their electrons in s-states. These concepts will be extended to the correlated description of S-states in section 2. The hypothesis f (r) 0, or g(r) 0, at least for the exact Hartree-Fock density, led to many inequalities including ρ(0) and radial expectation values [6, 7] .
One of the aims of this work is to test these properties for some S-states of the twoelectron atoms, using the wavefunctions obtained from accurate variational calculations including correlations [3] . These wavefunctions are of Pekeris type [13] when the nonlinear parameter is used as a variational one and provides quite accurate results, not only for the energy but also for the cusp conditions, virial theorem, etc of the low-lying S-states. As we discussed in [3] , it is enough to use 444 terms to obtain the densities adequately.
Another aim of this work concerns the physical insights that can be extracted from the shape of these functions. The function f (r) is very interesting for two-electron atoms because it is a null function for the ground state when the electron-electron (e-e) interaction is not considered, i.e. for the hypothetical system of two non-repelling electrons in the bare Coulomb field (BCF) of the nucleus [14] . Then we expect from f (r) to reveal noticeably e-e interaction effects, such us Coulomb correlations. This can also be applied to g(r), which, for more complex closed-shell atoms with electrons in higher angular momentum states, is the only function which vanishes in the BCF approximation [14] .
The ground state
For the ground state we find that f (r) is non-negative at any r-value studied, and for any Z considered (Z = 2-10), from the helium isoelectronic sequence. This is illustrated in figure 1 for He, where a plot of its values compared to those of ρ(r) can be found. This confirms, for more accurate densities of the ground state of two-electron atoms, the statement f (r) 0, of [10] , valid at the Hartree-Fock level.
By the arguments given in section 1, the values of f (r) for the exact density are expected to be related with the role of the e-e interaction, this being the reason why its values are much smaller than those of ρ(r). This interpretation is interesting in the sense of understanding (at least qualitatively) the Coulomb electronic repulsion by means of a radial function, which is the aim of central-field approximations for the study of atomic structure. This argument can be checked by a plot of f (r)/ρ(0) for some two-electron atoms with increasing Z, for which the e-e interaction loses importance with respect to the nuclear field and then the values of this function decrease, as is illustrated in figure 2 .
One important consequence of Kato's cusp condition, i.e. f (0) = 0, for the exact density of two-electron atoms leads to the conclusion that the behaviour of ρ in the very near nuclear region is equal to that of the density in the case of a bare Coulomb field, which is
where ρ B (0) = 2Z 3 /π. By this assertion we mean that the relative variation ρ /ρ is equal for the two densities at the origin (−2Z), although the values of ρ(0) may be noticeably different because the two different functions must be normalized to the same quantity (the number of electrons). Then, f 0 everywhere means that the absolute value of the relative variation for the exact density is smaller than the BCF one, and then the function ρ decays less rapidly than ρ B as r increases, which agrees with the physical effect of the e-e repulsion which produces a dispersion of the electrons.
This can be seen more clearly if we write f (r) in terms of ρ(r). From equation (1) we find that
Therefore, f 0 means that ρ(r) ρ(0)e −2Zr , which implies the fact that ρ(0) ρ B (0) because of the common normalization mentioned above. It can be easily proved that if f (r) is non-negative, then ρ and ρ B intersect each other only once which proves the more gentle behaviour of the exact density with respect to the BCF one.
We can illustrate this physical interpretation of f (r) by studying the hypothetical system of two attractive electrons in the nuclear field (just by changing the sign of the e-e interaction in the Hamiltonian). This calculation is done in a similar way as for the real system and the values of the f -function are found to be negative, as illustrated in figure 1 . This is in agreement with the previous discussion as, in this case, electrons are de-screened instead of screened and therefore more concentrated near the nucleus.
Another feature of the function f (r) is that, as its non-zero values are determined only by the e-e interaction, the inclusion of electron correlation will have a greater effect on f (r) than on ρ(r). This can be tested by performing a comparison between correlated and HF values, as is shown in figure 3 . These differences are noticeable near the maxima, being mainly located in a region between 0.1 and 0.7 au. We also expect that the function f (r) will be sensitive to different treatments of the electron correlation in the wavefunction. As an example, we have analysed the values provided from a description including only the so-called radial correlations, i.e. considering the most accurate wavefunction which only depends on r 1 = |r 1 | and r 2 = |r 2 |, which can be expanded in the following way:
Our calculations with this wavefunction for the ground state of helium gives a value for the energy of −2.879 024 89 au. A plot of the values of f (r) obtained with this partly correlated wavefunction are also displayed in figure 3 using a broken curve. We note that the differences between these values and the HF ones are higher than those among the latter and the exact ones, which includes radial and angular correlations (all the terms in a multipole expansion). This comparison shows that the effects of the radial correlations and the others have an opposite effect on f (r). The physical interpretation will be discussed next. From the previous considerations about the meaning of f (r), we can compare physically two different models by means of the values of f (r). If f (r) is greater for one of them, then it predicts a more diffuse distribution of electrons than the other does. Then, the comparison that can be done from figure 3 shows that as f HF is greater than f , the correlated density is slightly more concentrated near the nucleus than the HF density. In addition to this, we find that this effect is even greater when we consider only radial correlations. This indicates that the angular correlations have the effect of dispersing the electrons.
We now recall the applications that can be performed from the fact that f (r) > 0. In [10] by application of the Stieljes theorem the following upper bounds to ρ(0) were found:
The first of them is the well known upper bound of Hoffmann-Ostenhof et al [15] , obtained from the non-relativistic Hamiltonian without needing the assumption f (r) 0. The second, which is a sharper bound, is only valid under this assumption.
As the correlated density of the ground state of two-electron atoms keeps the property f (r) 0, the validity of the last inequality, and of other relationships among radial expectation values also found in the same work [10] , is also extended.
We can perform a test of the accuracy of (6) and (7) by means of the values of ρ(0) and the radial expectation values involved given by the correlated density evaluated in [3] . This test is illustrated in table 1 by means of the ratios ρ(0)/U k for k = 0, 1. The sharpness of these relationships observed in this table leads to the conclusion that both bounds (particularly the second), which depend only on averaged values, give adequate upper bound approximations to the exact non-relativistic value of the density at the nucleus. Table 1 . Test of the tightness of the bounds for ρ(0) given by (6) and (7), for some two-electron atoms in their ground state. Both ρ(0) and the density moments r k have been evaluated from the accurate densities described in [3] . Finally, we want to mention that all the above considerations about the role of f (r) by means of the relation between their values and the effect of e-e interaction can be also applied to the function g(r) defined in (2) . This function differs from f (r) only beyond the single-particle description. For the exact non-relativistic density, it can be defined from a multiconfiguration expansion of the wavefunction, which, for an S-state, only contains contributions from (nl, n l) configurations, and then evaluating ρ s only from those of the type (ns, n s). For our correlated wavefunction [3] , which can be written in the form 
which enables us to decompose the density as
where 
and then we define ρ s by
For the sake of completeness, we write the value of the function I 0,k required for the evaluation of ρ s :
Because the configurations (ns, n s) are those which mainly contribute to the exact wavefunction, the values of ρ s and ρ are very similar. However, the differences between g(r) and f (r) are slightly more appreciable. This is observed in figure 4 , where a comparison of g(r) to the values of f (r) and, at the same time, to their HF values is shown. From the latter comparison, we find that this radial function reveals the effect of Coulomb correlations in a even more noticeable way. In the same picture it can be seen that g(r)
0 for all the points considered, which confirms, for a more accurate wavefunction, the results found in the HF framework [11] . This fact extends the validity of the relationships obtained in the previous work from this assumption to more accurate densities.
Excited low-lying S-states
Next we consider the first triplet and singlet excited states of two-electron atoms. For these states we analyse the shape of f (r) and g(r) and extract information about the physical effect of the e-e interaction and, in particular, of the Coulomb correlations.
In the BCF approximation, these states correspond to the configuration (1s, 2s), for which the function f (r) no longer vanishes. Thus the shape of f (r) for accurate correlated wavefunctions will exhibit not only the effects of e-e interaction but also those due to the electronic excitation.
It is interesting in this case to perform a comparison between the triplet and singlet states by means of this function, which is illustrated in figure 5 for helium. We note qualitatively interesting differences, the most important being that at short distances from the nucleus f (r) is positive for the 2 1 S state (full curve) and negative for the 2 3 S one (dotted curve). Extrapolating the discussion of the previous section, this different behaviour suggests that on average the electrons are more concentrated in the triplet state than in the singlet one and therefore the former state has a smaller size than the latter. This is in agreement with Boyd's explanation [16] of Hund's rule: although the electron repulsion is greater for the triplet states than for the corresponding singlet ones, the electrons are closer to the nuclei for the triplet states, and then the potential energy due to the nuclear attraction is more important for them in such a way that they are more bound than the respective singlet ones. This fact is also found for the next excited states, 3 1 S and 3 3 S. We have also studied, for the excited states of helium, the variation of the values of f (r) when we evaluate them with different approaches. In figure 5 we have also plotted the HF values obtained from the Froese Fischer method compared to the correlated ones for the first singlet and triplet states. Although the graphical analysis of the HF plots might suggest a similar qualitative behaviour for both states, we cannot conclude that the differences between the singlet and triplet behaviour of f (r) and the implications discussed above are addressed to the Coulomb correlations and not to the statistical ones (which have been taken into account in the HF description). The reasons are the following: first, we note the large error in the cusp given by the HF approach for both states, which raises serious doubts about the accuracy of the f (r) values at small r. Secondly, f (r) can vary in an appreciable way from one type of implementation of the HF method to another. This variation was also found for the two-electron density h(r 12 ) [3] .
The Froese Fischer approach, although providing adequate values of the one-electron density ρ(r) and its radial expectation values, has some deficiencies (e.g. the energy expectation value for the singlet state is not an upper bound to the exact one) that may affect greatly the f (r) values. We have also performed a calculation with the partly correlated wavefunction of (5). For these excited states, we may expect that this solution should be close to the exact HF one, and we find that the energies obtained (−2.144 19 au for the singlet and −2.174 26 for the triplet 2S-states) approximate those of the HF approach of Davidson [17] (−2.143 44 au and −2.174 25 au, respectively), which provides upper bounds to the exact ones. However, the values of the f (r) function differ significantly from the previous HF ones. This is illustrated in figure 5 where we find a similar behaviour between the fully and partly correlated values. These results are more expected than those obtained from the HF approach because for the excited states studied here the two electrons are more distant on average than in the ground state and therefore the importance of the dependence of the wavefunction on the relative distance must be smaller. This fact is also reflected in the differences between the energies.
The comparisons performed above show up the strong dependence of the values of f (r) on the approximation used for its calculation.
In figure 5 we have observed that f (r) is not positive everywhere for the excited states considered here; this means that the applications based on this property found for the ground state, i.e. bounds for ρ(0) and inequalities between radial expectation values cannot be performed for them. However, these results can be useful when considered as approximate relationships. We now discuss the reason for this.
The inequalities (6) and (7) are a consequence of the non-negativity of f (r). The first of them comes from the positivity of its zero-order moment [10] :
and the second from the positivity of the following determinant [10] :
where
The accuracy of the inequalities that are found from the positivity of the moments is greater as the whole function is closer to zero. This is the reason why, for example, the first bound is accurate for the ground state, because f (r) is much smaller than ρ, and then µ 0 [f ] is much smaller than either ρ(0) or r −2 . For the excited states considered here, f is even smaller and, because it also takes negative values, its moments are expected to be even closer to zero. If we neglect the zero-order moment of f compared to the moments of ρ, we approximate the bound given by (6) to an equality. This can be observed in the same way [15] for the 2 3 S state of helium. If we neglect other moments, as well as other higher-order determinants (see [6, 7] ), involving moments of f (r) and also of g(r), which is slightly smaller than f , we replace the inequalities of [6, 7] by approximate relationships. We want to mention explicitly one approximation for ρ(0):
and another for r −2 :
The accuracy of these expressions is tested numerically in table 2 for some two-electron atoms. 
Concluding remarks
One of the most important conclusions that can be extracted from this work is that the effects of the electron repulsion and, in particular, of the Coulomb correlations, can be revealed by means of a radial function defined from the electronic density of two-electron atoms. This can be useful, for example, in the problems of parametrizing the electron density, which can be performed through the functions considered here, which are more sensitive to these effects than the density itself. These functions also allow us to find additional arguments to show the differences between singlet and triplet states, which agree with previous studies of their relative sizes [16] .
Finally, from the properties of the functions f (r) and g(r) we can find approximate relationships involving the quantity ρ(0) and radial expectation values, for which a lot of literature can be found.
